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ON MINIMAL MODELS IN INTEGRAL HOMOTOPY THEORY
TORSTEN EKEDAHL
Inspired by some ideas of A. Grothendiek ([Gr83℄) I will in this artile give an algebrai
desription of nilpotent homotopy types with nitely generated homology (in eah degree).
From a homotopy theoreti perspetive the main result says that every suh nilpotent ho-
motopy type may be represented by a simpliial set whih is of the form Zn for some n in
eah degree and for whih the fae and degeneray maps are numerial maps, maps that are
given by polynomials with rational oeients. Furthermore, the ohomology may be omputed
using numerial ohains, any map between suh models is homotopi to a numerial one and
homotopi numerial maps are numerially homotopi. The onstrution of a model is rather
straightforward; one rst shows that the ohomology of an Eilenberg Ma-Lane spae an be
omputed using numerial ohains and then uses indution over a prinipal Postnikov tower.
Loalisation and ompletion ts very niely into this framework. If R is either a subring of
Q or is the ring of p-adi numbers for some prime p and K := R
⊗
Q then a numerial funtion
Zm → Zn that learly indues a map Km → Kn takes Rm to Rn. Hene a numerial simpliial
set gives rise to a numerial set obtained by replaing eah Zn that appears in some degree by Rn.
For a model this new spae is the R-loalisation when R is a subring of Q and the p-ompletion
when R = Zp. In this way a numerial model might be thought of as a universal loalisation.
If G is a nitely generated nilpotent torsion-free group, the theory may be applied to K(G, 1)
but stronger results are available. In fat G has a anonial struture of numerial group and
for that struture the numerial funtions G→ Z are exatly the polynomial funtions in Passi's
sense (f., [Pa68℄). Furthermore, the ohomology of the group (with Z-oeients) may be
omputed using numerial ohains (whih are the same as the Passi polynomial maps).
The theory an be reformulated in terms of osimpliial rings. The osimpliial ring of
numerial mappings of a model into Z has the property of being a free numerial ring in eah
degree, where a numerial ring is a ring together with ertain extra operations. The osimpliial
ring of all ohains is a numerial ring and the numerial model an be obtained by the usual
onstrution of a free osimpliial objet homology equivalent to a given one. As a further
motivation for the relevane of numerial rings for homotopy we also note that the ohomology
of osimpliial numerial rings admit an ation of all ohomology operations.
When passing to the rational loalisation of a numerial model, the theory should be ompared
to the theories of Quillen ([Qu69℄) and Sullivan ([Su77℄) of rational homotopy. In the ase of
Quillen's theory the rst step in his onstrution of a dierential Lie algebra model is to represent
a nilpotent homotopy type by the simpliial lassifying spae of a simpliial group G that in eah
degree is the quotient of a nitely generated free group by some element of the desending
entral series. That means that G is a torsion free nitely generated nilpotent group and hene
K(G, 1) is a numerial spae. As for Sullivan's approah the losest onnetion I have found
is by onsidering his spatial realisation of a dierential graded algebra model. We will dene a
natural quotient of that spatial realisation that has a natural struture of Q-numerial model.
To return to the starting point for the results of this setion, Grothendiek's idea was to
represent any (loally nite) homotopy type by a simpliial set that is Zn and for whih the fae
and degeneray maps are polynomial maps. While this seems reasonable for rational homotopy
types as rational homotopy theory is fairly linear (and is a onsequene of the results of this
artile) several people have pointed out problems with that idea (though I am not aware of any
proof that it is impossible). It is the suggestion of the present artile that polynomial maps
should be replaed by numerial maps that are the same as polynomial maps over the rationals.
Of ourse, numerial maps have appeared previously in homotopy theory in onnetion with
polynomial funtors but I do not know if there is any relations with that theory.
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1 Preliminaries
It will be onvenient to state a few preliminary results in some generality. If A is an additive
ategory for whih all idempotents have kernels, then the ategory of homologial omplexes
in A, onentrated in non-negative degrees, is equivalent, by the Dold-Puppe onstrutions, to
the ategory of simpliial objets in A. Following [May92℄, whih will be our general referene
onerning simpliial results, we will use N(−) for the funtor going from simpliial objets to
omplexes and Γ(−) for the funtor going the other way. Similarly for osimpliial objets and
ohomologial omplexes onentrated in non-negative degrees.
If C now is a ategory having nite produts (and in partiular a nal objet ∗), then if X
is a simpliial objet in C we say that X is a Kan omplex in C if the simpliial set XK , where
(XK)n := HomC(K,Xn), is a Kan omplex for all K ∈ C. If X,Y ∈ sC, sC being the simpliial
objets of sC, then we an dene the funtion omplex Y X as a simpliial set using the denition
in terms of (p, q)-shues as in [May92, 6.7℄. Then [May92, 6.9℄ goes through, so that if Y is
Kan, then so is Y X . Furthermore, we say that a sequene F → X → Y of simpliial objets is a
Kan bration if, for all K ∈ C, FK → XK → Y K is a Kan bration in the usual sense. Finally,
still following [May92, 18.3℄, we dene for F,B ∈ sC, G a group objet in sC, and a group ation
G× F → Fm a twisted artesian produt (TCP) to be an E(τ) ∈ sC s.t. E(τ)n = Fn ×Bn and
∂i(f, b) = (∂if, ∂ib) i > 0, (i)
∂0(f, b) = (τ(b) · ∂0f, ∂0b), (ii)
si(f, b) = (sif, sib), (iii)
where τ :Bq → Gq−1 is a morphism fullling the identities of ([May92℄). If F = G with the
ation being translation we will, still following ([May92℄), speak of a prinipal twisted tensor
produt (PTCP). It is then lear that if T : C → C′ is a produt preserving funtor, then it takes
TCP's to TCP's and PTCP's to PTCP's. In partiular, if K ∈ C then (FK , BK , GK , E(τ)K) is
a TCP and so, [May92, 18.4℄, F → E(τ) → B is a Kan bration if F is a Kan omplex and, in
partiular, E(τ) is Kan if B is.
Suppose now that A is a ring objet in C s. t. multipliation indues
HomC(X × Y,A) = HomC(X,A)
⊗
Z
HomC(Y,A)
for all X,Y ∈ C and that HomC(X,A) is torsion free for all X ∈ C. If F ∈ sC, HomC(F,A)
is a osimpliial abelian group and we put H∗A(X) := H
∗(N(HomC(F,A))) and more generally
H∗A(X,M) := H
∗(N(HomC(F,A))
⊗
Z
M), for M an abelian group. Now, Szzarba's proof of
the simpliial Brown's theorem [Sz61℄ uses only universal expressions and hene goes through
in this ontext. If τ is 1-trivial (i.e., τ|Bi = ∗, i = 0, 1) we therefore get a spetral sequene
Ep,q2 = H
∗,p
A (B,H
∗,q
A (F ))⇒ H
p+q
A (E(τ)). (1.1)
This is funtorial for produt preserving funtors T : C → C′ and this is so also if C′ = Sets and
we make no partiular assumption on T (A).
2 Numerial spaes
Having dealt with some preliminaries we an start getting down to business.
Denition 2.1 A numerial funtion from Zm to Zn, m,n ≥ 0, is a funtion Zm → Zn whih
an be expressed by polynomials with rational oeients. If M and N are free abelian groups
of rank m resp. n, then a numerial funtion from M to N is a funtion M → N suh that for
one (and hene any) hoie of group isomorphisms Zm −˜→ M and N −˜→ Zn, the omposite
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Zm −˜→ M → N −˜→ Zn is a numerial funtion. The ategory Num has as objets nitely
generated free abelian groups and as morphisms the numerial funtions.
Remark: In the literature numerial funtions sometimes appear under the name of polynomial
maps. I dislike this terminology as it ould easily be interpreted to mean maps given by polyno-
mials with integer oeients, indeed to me it seems the natural interpretation. Furthermore,
it does not seem unlikely that polynomial maps will have a role to play in homotopy theory and
hene deserve a name of their own.
It is lear that M,N 7→M ×N is a produt in Num and that the zero group is a nal objet
so that Num has nite produts. Furthermore, addition makes all objets in Num abelian group
objets and addition and produt makes Z a ring objet. If X ∈ s(Num) then we will put
H∗Num(X,Z) := H
∗
Z
(X). Dene Num i := HomNum(Zi,Z) whih thus is a ring, the ring of
numerial funtions in i variables.
Proposition 2.2 i) Num1 =
⊕
k≥0 Z
(
x
k
)
where
(
x
k
)
is the numerial funtion n 7→
(
n
k
)
.
ii) Numi = Num1
⊗
Num1
⊗
. . .
⊗
Num1 (i times).
iii) For M,N ∈ Num,
HomNum(M ×N,Z) = HomNum(M,Z)
⊗
Z
HomNum(N,Z).
iv) Num is anti-equivalent to the full subategory of the ategory of rings whose objets are
the rings isomorphi to Num i for some i.
PROOF: i) and ii) are well known. (Use ∆f(x) := f(x+1)−f(x) and indution on the degree for
i) and ∆last variable for ii).) Then iii) follows from ii) as any objet in Num is isomorphi to some
Zi. As for iv), M 7→ HomNum (M,Z) gives a funtor in one diretion and properly interpreted
R 7→ HomRings(R,Z) will be a quasi-inverse. Now, evaluation gives a natural morphism
φM :M → HomRings(HomNum (M,Z),Z)
in the ategory of sets. I laim that this map is a bijetion. Indeed, we may assume that M = Zi
for some i and using ii) that i = 1. As already x =
(
x
1
)
separates points φ := φZ is injetive.
Sine Num1
⊗
Z
Q = Q[x], any ring homomorphismNum1 → Z is determined by what it does to
x and so φ is surjetive. We now want to show that any ring homomorphism HomNum(N,Z)→
HomNum(M,Z) indues, through φM and φN , a numerial map M → N . We redue to M = Zi
and N = Z so we want to show that if ρ:Num1 → Num i is a ring homomorphism then Zi ∋
n 7→ ρ(x)(n) ∈ Z is a numerial funtion whih is obvious by the denition of Numi. Hene
R 7→ HomRings(R,Z) maps the subategory of rings isomorphi to some Numi into Num and
by what we have just proved it is a quasi-inverse to M 7→ HomNum(M,Z).
The proposition immediately gives the following orollary:
Corollary 2.3 The ategory s(Num) is anti-equivalent to the full subategory of the ategory
of osimpliial rings onsisting of those osimpliial rings R. for whih Rn is isomorphi to some
Numi for all n.
PROOF:
Remark: It is this orollary that will allow us to interpret the results of this setion in terms of
osimpliial rings and eventually an algebrai desription of nilpotent homotopy types.
Let us now note that if M,N ∈ Num, then any group homomorphismM → N is a numerial
funtion so that the ategory Free of free abelian groups of nite rank and homomorphisms
embeds naturally in Num. This is an additive ategory where all idempotents have kernels so
the equivalenes Γ and N are dened. From the expliit desription of Γ, [May92, p. 95℄, it
follows that there is a unique funtion T :NN → NN suh that if . . . → Cn → Cn−1 → . . . is a
omplex in Free and rC∗ ∈ N
N
is dened by rC∗(i) = rkCi, then T (rC∗)(i) = rkΓ(C∗)i. If M is
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a nitely generated abelian group we let g(M) be the minimal number of generators of M . If X
is a nilpotent spae with Hi(X,Z) nitely generated for all i ≥ 0, we put
gn(X) :=
∞∑
i=0
g(piin(X)/pi
i+1
n (X)), (2.4)
hn(X) :=
∞∑
i=0
g(torsion(piin(X)/pi
i+1
n (X))), (2.5)
where pi0n(X) := pin(X) and pi
i+1
n (X) := 〈γ(x)x
−1|x ∈ piin(X); γ ∈ pi1(X)〉. We note also
that the rank of a f. g. free abelian group is invariant under numerial isomorphisms so we may
unambigously speak of its rank as an objet in Num .
Denition 2.6 i) A numerial spae is a onneted numerial simpliial objet X s. t. if F is
the forgetful funtor Num → Sets , then the natural map H∗Num(X,Z) → H
∗(F (X),Z) is an
isomorphism and the homology groups H∗(F (X),Z) are nitely generated.
ii) A bred numerial spae is a onneted simpliial objet X whih is an inverse limit
X = lim
←−
(. . .→ Xn+1 → Xn → . . .→ X0.)
where
1. Xn0 is a point for all n.
2. For all j there is an N s.t. Xn+1j → X
n
j is an isomorphism for all n ≥ N .
3. For all n, Xn+1 → Xn is a PTCP (in Num) with ber some Γ(Mn), Mn an Free-omplex.
4. X0 = ∗.
iii) A speial numerial spae is a bred numerial simpliial objetX s. t., using the notations
of the previous denition, there is for eah n integers (hn, in) so that H
i(Mn) = 0 for i 6= hn and
Hhn(Mn) = piinhn(X)/pi
in+1
hn
(X). We will all the sequene . . . → Xn+1 → Xn → . . . a speial
tower.
iv) A speial numerial spae X is minimal if
∀n : rkMn =
∑
i
T (τi)(n),
where
τi(j) =


gi(X), if j = i,
hi(X), if j = i+ 1,
0, if j 6= i, i+ 1.
We will all the sequene . . .→ Xn+1 → Xn → . . . a minimal tower.
Remark: For X a speial numerial spae
∀n : rkMn ≥
∑
i
T (τi)(n),
whih justies the terminology minimal.
Lemma 2.7 i) If F → E → B is a 1-trivial TCP in s(Num) and if F and B are numerial
spaes then so is E.
ii) A speial numerial spae X is a numerial spae and a Kan objet. In partiular,
F (X) = HomNum (∗, X) is Kan.
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iii) If X is a speial numerial spae then
∀n : rkXn ≥
∑
i
T (τi)(n).
PROOF: Indeed, i) follows immediately from the map between the spetral sequenes of (1.1)
for the TCP and the indued TCP in s(Sets). As for ii), the trivial nature of the limit in the
denition of a speial numerial spae allows us to assume that X equals some Xn and then by
i) that X = Γ(M), for some Free-omplex M . As H∗(M) is onentrated in one degree, M is
homotopi to a bounded omplex M ′, indeed to one onentrated in 2 degrees, and then using
the naive trunations of M ′ and i) again we may assume that M = N [n] for some objet N in
Free. Now there is a numerial (indeed a Free-) PTCP Γ(N [n − 1]) → X → Γ(N [n]) with X
Free-ontratible so by indution on n and Zeeman's omparison theorem (f., [Ze57℄) we may
assume that n = 1. We have a Free-PTCP
Γ(N1[1])→ Γ((N1 ×N2)[1])→ Γ(N2[1]),
so we may assume that N = Z. Hene we are redued to showing that H∗Num(K(Z, 1)) →
H∗(K(Z, 1)) is an isomorphism. A numerial 1-oyle (for K(Z,1)) is just a numerial funtion
f :Z → Z s.t. f(x + y) = f(x) + f(y) so f(x) = ax + b for some a, b ∈ Z and a 1-oboundary
is of the form f(x) = c. As we have exatly the same desription for set theoretial 1-ohains
and 1-oboundaries we get an isomorphism for ∗ = 1. As ∗ = 0 is trivial it only remains to show
that HiNum(K(Z, 1)) = 0 for i ≥ 2 as this is true in the set ase. Now K(Z, 1)n = Z
n+1
and all
the fae operators are projetions or sums of two adjaent oordinates. We an grade Numi by
deg
(
x1
n1
)(
x2
n2
)
. . .
(
xk
nk
)
=
∑
i
ni
and then HomNum (K(Z, 1),Z) beomes a graded omplex as(
x+ y
n
)
=
∑
i+j=n
(
x
i
)(
y
j
)
.
Hene to show the required vanishing we an replae
Num i =
∑
Z
(
x1
n1
)(
x2
n2
)
. . .
(
xk
nk
)
by
Num i =
∏(x1
n1
)(
x2
n2
)
. . .
(
xk
nk
)
as the ohomology an be omputed degree by degree. This gives us a omplex T , say. Now,
Numi = Hom(Ni,Z) where(
x1
n1
)(
x2
n2
)
. . .
(
xk
nk
)
7→ char fct of(n1, n2, . . . , nk)
and this equality respets maps indued by projetions and sums of oordinates (but it is not
a ring isomorphism). Therefore, T is additively isomorphi to the standard ohain omplex
of K(N, 1) and so H∗(T ) = H∗(K(N, 1),Z) = Ext∗
Z[t](Z,Z) and the latter group is learly
onentrated in degree 0 and 1. That a speial numerial spae is Kan follows by indution on
the Postnikov tower and a trivial passage to the limit. Finally, to prove iii) it sues to prove that
if M is a Free-omplex with a single non-zero homology group Hi(M), then rkMi ≥ g(Hi(M))
and rkMi+1 ≥ g(tor(Hi(M))). This, however, is lear by the prinipal divisor theorem.
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Remark: i) The next to last part of the proof of ii) looks somewhat mysterious and may be
laried by noting that Numi is the ring of invariant dierential operators on the formal i-
dimensional torus. Its oprodut is therefore dual by Cartier duality [Dem72, II,4℄) to the
produt on the oordinate ring of the formal i-dimensional torus. Similarly, Hom(Ni,Z) is the
Cartier dual of the i-dimensional formal additive group. As the formal i-dimensional torus and
the i-dimensional formal additive group are isomorphi as formal shemes but not as formal
group shemes, Numi is isomorphi to Hom(Ni,Z) as oalgebras but not as rings. However, in
dening the dierentials of hains on K(−, 1) only the oprodut is used.
ii) Had we worked with polynomial instead of numerial funtions everything would have
worked up to the statement Hipol(K(Z, 1)) = 0 for i > 1. This statement is false however. As a
matter of well known fat, the polynomial 2-oyle ((x + y)p − xp − yp)/p, p prime, is not the
oboundary of a polynomial 1-ohain. It is the boundary of the numerial 1-ohain (xp− x)/p
as the lemma predits.
Lemma 2.8 Let Y be a speial numerial spae and X a numerial spae. Then F , the forgetful
funtor, indues a bijetion
Hom(X,Y )/(numerical homotopy)→ Hom(F (X), F (Y ))/(homotopy)
where Hom(−,−) means based maps.
PROOF: Indeed, it will be easier to prove a stronger statement. Let Z, V ∈ Num be pointed
objets and V Kan and put [Z, V ]n := pin((V
Z)b, ∗), where (−)b denotes based maps. As above,
if V1 → V2 → V3 is a TCP of Kan objets then (V Z1)b → (V Z2)b → (V Z3)b is a bration and we
get a long exat sequene of homotopy. If V1 → V2 → V3 is a PTCP then we get as usual the
extra preision that the bers of [Z, V2]0 → [Z, V3]0 are the orbits under an ation of [Z, V1] and
the sequene extends to [Z, V2]0 → [Z, V3]0 → [Z,WV1]0 (f. [May92, p. 87℄). We now onsider
a sequene of PTCP's Y n → Y n−1 as in the denition of a speial numerial spae. We want
to prove by indution on n that [X,Y n]m → [F (X), F (Y
n)]m is a bijetion for all m. The ase
n = 0 ertainly auses no problem and in general we have the PTCP Y n → Y n−1 with ber some
Γ(Mn). The extra preision given to the long exat sequene is exatly what is needed to make
the 5-lemma work and we redue hene to showing that [X,Γ(Mn)]m → [F (X), F (Γ(Mn))]m
is a bijetion. Now, Mn is homotopi to a bounded omplex, so we may assume that Mn is
bounded. By the same dévissage as before we redue to Mn = Z[0] and then this bijetion is
true by the denition of numerial spae. Putting m = 0 we then get the lemma for Y replaed
by Y n. To pass from Y n to Y we use the Milnor exat sequene
∗ → lim
←−
1[X,Y n]1 → [X,Y ]→ lim←−
[X,Y n]→ ∗,
the similar sequene for F (X) et and the 5-lemma.
We have now ome to the main result of this setion.
Theorem 2.9 Let X be a simpliial set whih is nilpotent (whih to us will inlude being
onneted) of nite type (i. e., nitely generated homology in eah degree).
i) There is a minimal speial numerial spae Y and a homotopy equivalene X → F (Y ).
ii) If Y ′ is a numerial spae and X → F (Y ′) a homotopy equivalene, there is a unique, up
to numerial homotopy, numerial morphism Y ′ → Y , where Y is as in i), making the following
diagram ommute up to homotopy
F (Y )
ր ↑
X → F (Y ′).
iii) If Y ′ is also speial then Y ′ → Y is a numerial homotopy equivalene.
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Remark: It is not true that a homology equivalene between minimal speial numerial spaes
is neessarily an isomorphism as is shown by the following example:
Γ(Z
2
−→ Z)
3
−→ Γ(Z
2
−→ Z).
Indeed, multipliation by 3 indues an isomorphism on the homology, Z/2, but is learly not an
isomorphism.
PROOF: Let . . . → Xn → Xn−1 → . . . be a minimal prinipal Postnikov system, i.e., the
Xn → Xn−1 are prinipal brations with ber some K(piim(X)/pi
i+1
m (X),m) using the notations
of (2.4) in order of inreasing i and m. We will step by step replae, up to homotopy, Xn by
some F (Y n) and Xn → Xn−1 by F (−) of a PTCP Y n → Y n−1. Assume that we have done this
up to n− 1. We then have a artesian diagram, where K(M,m) is the ber of Xn → Xn−1,
K(M,m)
↓
Xn → T
↓ ↓
F (Y n−1) −˜→ Xn−1 → K(M,m− 1).
Here the right hand bration is the standard one with T ∼ ∗. Choose a resolution F∗ → M
by free f.g. abelian groups s.t. rkF0 = g(M), rkF1 = g(torM) and Fi = 0 for i > 1. There is
then a numerial PTCP Γ(F.[m]) → I → Γ(F.[m + 1]) s.t. F (−) applied to it is homotopi to
K(M,m)→ T → K(M,m+1). Hene by lemma 2.7 there is a morphism ρ:Y n−1 → Γ(F.[m + 1])
suh that F (ρ) is homotopi to Y n−1 → Xn−1 → K(M,m+ 1). Let Y n → Y n−1 be the PTCP
indued by ρ from Γ(F.[m]) → I → Γ(F.[m + 1]). Then F (Y n) → F (Y n−1) is homotopi
to Xn → Xn−1 and we put Y := lim
←−
(. . . → Y n → Y n−1 → . . . .). Then there is a morphism
X → F (Y ) whih by onstrution is a homology equivalene and so a homotopy equivalene as X
and F (Y ) are nilpotent. If X → F (Y ′) is a homology equivalene, where Y ′ is a numerial spae,
then by obstrution theory applied to the F (Y n) → F (Y n−1) there is a map F (Y ′) → F (Y ) s.
t.
F (Y ′)
ր ↓
X → F (Y )
ommutes up to homotopy. By lemma 2.8 there is a morphism Y ′ → Y s.t. F (Y ′) → F (Y ) is
homotopi to the given F (Y ′) → F (Y ). In ase Y ′ also is speial another appliation of lemma
2.8 shows that Y ′ → Y is a numerial homotopy equivalene.
As we will see in an example in the next setion, minimal models are not unique up to
isomorphism. In the simple ase we an however say that a minimal tower must be preserved.
Proposition 2.10 Let X and Y be simple minimal numerial spaes and X · and Y · their
minimal towers. Any map f :X → Y indues a map f ·:X · → Y ·.
PROOF: The proof is easily redued to the following statement. If X ′ → X is a PTCP for a
simpliial group Γ(M.) with Mi = 0 if i ≤ n and Y
′ → Y is a PTCP for a simpliial group Γ(N.)
with N i = 0 for i > n + 1 and for whih Nn+1 → Nn is injetive then for any ommutative
diagram
X ′
f ′
−−−−→ Y ′
g
y y
X −−−−→ Y
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there is a fatorisation X → Y ′ of the diagram. This again amounts to saying that f ′ is onstant
on a bre of g. In proving this we immediately redue to the ase when X = Y = ∆m, and
then need only show that the map is onstant on the bre over em, the unique non-degenerate
n-simplex of ∆n. As PTCP's over a simplex are trivial we may assume that X ′ → X and Y ′ → Y
are trivial PTCP's. Hene we redue to showing that any map Γ(M.)×∆m → Γ(N.) is onstant
on Γ(M.)m×{em}. In general a map Γ(M.)×∆m → Γ(N.) is the same thing as an additive map
Z[Γ(M.) × ∆m] → Γ(N.) and what we want to show is that [(k, em)] − [(0, em)] is mapped to
zero for k ∈ Γ(M.)m. If m ≤ n then this is obvious. When m ≥ n want to show that the kernel
K of the map Z[Γ(M.)×∆m]→ Z[∆m] indued by projetion maps to zero in Γ(N.). To prove
this is equivalent to showing that N(K) → N(Γ(N.)) = N. is zero. Now, N(K) is a omplex
of free abelian groups, Hi(M.) is zero when i > n and Ki is zero when i ≤ n so that any map
N(K)→ N. is null-homotopi. However, Mi is zero when i > n+ 1 so any homotopy is zero.
3 Loalisation and ompletion
We will now extend the theory presented so far to some other base rings than the (sometimes
only impliitly mentioned) ring of rational integers. Our hoie of rings is ditated on the one
hand by whih rings that are being used for dening loalisation and ompletion in homotopy
theory, on the other hand by whih rings for whih a straightforward generalisation of the notion
of numerial funtion admits a desription similar to the one given for the integers. Somewhat
surprisingly these two requirements seem to give the same answer.
Denition-Lemma 3.1 Let R the rational numbers or the ring Zp of p-adi integers. An (R-
)numerial funtion F → G between nitely generated free R-modules is a funtion that an be
dened by polynomials with oeients in R
⊗
Q.
i) The R-algebra, Numn(R), of numerial funtions R
n → R is free as R-module on the
funtions (r1, r2, . . . , rn) 7→
(
r1
m1
)
. . .
(
rn
mn
)
.
ii) The evaluation map Rn → HomR−algebras(Numn(R), R) is a bijetion.
PROOF: Let us rst prove that a polynomial with rational oeients mapping Zn to Z will
map Rn to R. If R is a subring of Q then it is an intersetion of the loalisations Z(p) that
ontains it so in that ase one is redued to R = Z(p) and then to R = Zp as Z(p) = Q∩Zp. Our
polynomial denes a ontinuous funtion Znp → Qp, Zp ⊂ Qp is a losed subset and Z
n ⊂ Znp is
a dense subset. As Zn is mapped into Z ⊂ Zp it follows that Znp is mapped into Zp. Conversely,
if we have a polynomial with R
⊗
Q-oeients mapping Rn into R it maps in partiular Zn
into R and a slight modiation of the argument in the proof of proposition 2.2 show that it is
an R-linear ombination of produts of binomial polynomials.
The proof of the seond part is entirely analogous to the same statement for R = Z given in
the proof of proposition 2.2.
Remark: One may wonder whether torsion free rings R other than the ones mentioned in the
lemma have the property that elements of Numn maps Rn into R. Of ourse, Numn itself or any
ring ontaining Q is suh an example but one an show that if R is a nitely generated ring and
if P (r) ∈ R for all r ∈ R and all numerial polynomials P ∈ Num1 then R ⊂ Q. Indeed, we have
that (xp − x)/p ∈ Num1 for all primes p and hene rp − r ∈ pR. From this one onludes that r
is algebrai for all r ∈ R and hene that R is a subring of a number eld K. The ondition that
rp − r ∈ pR for all primes p and r ∈ R then implies that almost all primes in K are of degree 1
whih implies that K = Q (details of this type of argument an be found in [Ka70℄).
We will say that a ring R is a oeient ring if it is a subring of Q or equals the ring Zp
of p-adi integers for some prime p. By some abuse of language we will say that a nilpotent
simpliial set is R-loal if it is R-loal in the usual sense if R ⊆ Q and is p-omplete if R = Zp.
Similarly we will speak of the R-loalisation of a nilpotent simpliial set.
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From the lemma one an ontinue almost verbatim and introdue, when R is a oeient
ring, (speial) R-numerial spaes (the ondition being that ohomology with R-oeients an
be omputed using R-numerial ohains). One also, though we shall not use it, gets that one
may represent any R-loal nilpotent nite type spae by a speial R-numerial spae. We will
however note that if F → G is a numerial map between nitely generated free abelian groups
and R is a subring of Q or Zp then we get an indued R-numerial map F
⊗
R → G
⊗
R. This
gives a funtor, also denoted by −
⊗
R from simpliial numerial objets to simpliial R-numerial
objets. We also get a map of simpliial sets F (X) → F (X
⊗
R). For speial numerial spaes
this is a loalisation map:
Theorem 3.2 Let R be a oeient ring.
i) A speial R-numerial spae is R-loal.
ii) If X is a speial numerial spae then F (X)→ F (X
⊗
R) is an R-loalisation map.
PROOF: The rst part uses the fat that loality is stable under brations, that K(M,n) is
loal if M is a nitely generated free R-omplex whih is lear as its homotopy groups are and
that by speiality one may redue to suh K(M,n)'s. For the seond part we again redue to
K(M,n)'s for M a nitely generated free Z-omplex.
Remark: I do not know if X
⊗
R is a R-numerial spae if X is a numerial spae nor if it
always is loal.
Proposition 3.3 Let X and Y be minimal R-numerial spaes where R is Q, Z(p) or Zp.
Then any homotopy equivalene f :X → Y is homotopi to a map that is the inverse limit of a
map of inverse systems X · → Y · (where X . and Y . are sequenes as required in the denition of
minimality) suh that eah Xn → Y n is an isomorphism at eah point. In partiular, a homotopy
equivalene between minimal numerial spaes is homotopi to an isomorphism and even more
partiularly minimal models of the same spae are isomorphi.
PROOF: Let p be the harateristi of Rmodulo its maximal proper ideal. For evident reasons we
will have to arefully distinguish between equality versus homotopy of maps and we will start o
with some observations. They will apply equally well to simpliial sets as to numerial spaes but
for simpliity we will speak only of simpliial sets;N in any ase the numerial ase may be dedued
from the set-theoreti one using (2.9). To begin with, if G is a simpliial abelian group with a
single homotopy group M in degree n ≥ 0 then isomorphism lasses of PTCP's with struture
group G over a simpliial set X. orrespond to elements of H
n+1(X,M) (f., [May92, lass of
PTCP's℄). It follows from that proof together with the use of the mapping one onstrution that
if X → Y is a map of simpliial sets then the relative ohomology Hn+1(Y,X,M) orrespond to
equivalene lasses of PTCP's over Y together with a trivialisation of its pullbak to X where
two of them are equivalent if they are isomorphi over Y by an isomorphism whose pullbak to
X is homotopi to one that preserves the given trivialisations. Let us also note that as we are
dealing with prinipal brations, giving a trivialisation is the same thing as giving a setion.
The way the Postnikov tower {X ·} ts into this desription is that Xn+1 → Xn is universal
for PTCP's in degree hn over X
n
that are provided with a trivialisation over X . From this we
an onstrut the maps by indution over n. We therefore may assume we have the following
diagram that is assumed to ommute up to homotopy:
X
f
−−−−→ Yy y
Xn+1 Y n+1y y
Xn
fn
−−−−→ Y n
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and fn is an isomorphism. Let Mn resp. Nn be the omplexes for whih X
n+1 → Xn resp.
Y n+1 → Y n are Γ(Mn)- resp. Γ(Nn)-PTCP's. As Hn(M·) resp. Hn(N·) are pi
in
hn
(X) resp.
piinhn(Y ), f indues an isomorphism between them. We lift this isomorphism to a map of omplexes
M. → N.. Now, as N. is minimal, the image of Nn+1 in Nn is ontained in pNn and hene by
Nakayama's lemma the map Nn → Nn is a surjetion. As M. also is minimal, the rank of Mn is
the same as that of Nn and so the mapMn → Nn is an isomorphism. This implies thatM. → N.
is an isomorphism.
Now, the pullbak of Y n+1 → Y n along the omposite X → Y → Y n has a setion and
hene a trivialisation. As the diagram is homotopy ommutative we get a trivialisation of the
pullbak of Y n+1 → Y n along the omposite X → Xn → Y n. This in turn, by the universality of
Xn+1 → Xn, gives a mapping from Xn+1 → Xn to the pullbak of Y n+1 → Y n along Xn → Y n
overing the isomorphism Γ(M.)→ Γ(N.). This again is nothing but a map f
n+1:Xn+1 → Y n+1
of PTCP's overing Γ(M.)→ Γ(N.). As the latter as well as the base map, fn, are isomorphisms
so is fn+1. By onstrution it gives rise to a homotopy ommutative diagram
X
f
−−−−→ Yy y
Xn+1
fn+1
−−−−→ Y n+1
and thus nishes the indution step.
Remark: Uniqueness of minimal models is not true over the integers: Fix an integer n > 1
and onsider a lass α of order n in H4(K(Z/n, 1),Z) = Z/n. This an be used as k-invariant
for a bration over Γ(Z[2]
n
−→ Z[1]) with bre K(Z, 3). Now, multipliation by any invertible
residue β modulo n on H2(Z/n,Z) = Z/n an be indued by a homotopy equivalene of the
base. Taking into aount also the ation of multipliation by −1 on K(Z, 4) we see that two
k-invariants α and α′ give homotopi total minimal models if (and only if) α′ = ±β2α.
On the other hand it follows from (2.10) that any isomorphism between two suh models
indues an isomorphism over Γ(Z[2]
n
−→ Z[1]). Let us rst onsider the indued isomorphism
on the base B := Γ(Z[2]
n
−→ Z[1]). As B onsists of a point in degree 0 any map from B to
itself preserves the base point 0. Then in degree we have a numerial isomorphism from Z to
Z taking 0 to 0. This in turn is a polynomial isomorphism from Q to Q and as suh is well
known to have the form x 7→ ax + b and as 0 is preserved b = 0, as Z is preserved a ∈ Z and
as its inverse has the same properties a = ±1. Now, it is easy to see that a map B → B is
determined by what it does in degree 1 so any automorphism of B is given by multipliation
by ±1. Multipliation by −1 ats trivially on the k-invariants in question so we may assume
that the indued map on B is the identity. For the rest of the argument we will ignore the
numerial struture. Any K(Z, 3)-PTCP over B is lassied as bration over B by a torsor over
the simpliial set of automorphisms of the simpliial set K(Z, 3). On the one hand we have the
translations whih is isomorphi as simpliial set K(Z, 3). Using them we may onentrate on
based isomorphisms. If we more generally onsider the simpliial set of based endomorphisms of
K(Z, 3) then the argument of (2.10) shows that they are determined by the ation on the third
homotopy group so that the simpliial group of based automorphisms is equal to the onstant
simpliial group {±1}. Hene the simpliial group of automorphisms of K(Z, 3) is the split
extension of K(Z, 3) by the onstant group {±1} ating by multipliation. From this it follows
that two K(Z, 3)-PTCP's that are isomorphi as brations either are isomorphi as PTCP's or
one is isomorphi to the transformation by multipliation of −1 on the other. In the notation
above that means the relation α′ = ±1α. Hene, there are in general minimal models that are
homotopi but not isomorphi.
Remark: Note that the brations we get are exatly the rst non-trivial step in the Postnikov
tower of the three-dimensional lens spaes. I have no idea whether the fat that the isomorphism
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lasses of minimal models oinides with the homeomorphism lasses of these lens spaes has any
signiane.
4 Cosimpliial ring interpretation
We now want to interpret what we have proved in terms of osimpliial rings. The rings that
we have already enountered have the property of being losed under binomial, and not just
polynomial, funtions. We will need to formalise this property. Note rst that by (2.2) there are
unique polynomials hmn (x), fn(x, y) and g
m
n (x), whih are linear, bilinear and linear respetively
s.t. (
x
m
)(
x
n
)
= hmn
((
x
1
)
,
(
x
2
)
, . . . ,
(
x
mn
))
(
xy
n
)
= fn
((
x
1
)
, . . . ,
(
x
n
)
,
(
y
1
)
, . . . ,
(
y
n
))
((x
m
)
n
)
= gmn
((
x
1
)
,
(
x
1
)
, . . . ,
(
x
mn
))
.
Denition 4.1 A numerial ring is a ommutative ring R together with funtions
(
−
n
)
:R→ R,
n ≥ 0, s.t.
i)
(
0
n
)
= 1,
ii)
(
1
n
)
= 0, n ≥ 2.
iii)
(
r
1
)
= r,
iv)
(
r+s
n
)
=
∑
i+j=n
(
r
i
)(
s
i
)
,
v)
(
r
m
)(
r
n
)
= hmn
((
r
1
)
,
(
r
2
)
, . . . ,
(
r
mn
))
,
vi)
(
rs
n
)
= fn
((
r
1
)
, . . . ,
(
r
n
)
,
(
s
1
)
, . . . ,
(
s
n
))
,
vii)
(( rm)
n
)
= gmn
((
r
1
)
,
(
r
1
)
, . . . ,
(
r
mn
))
.
Remark: i) In the presene of v), i-iv) and vi-vii) are equivalent to R being a λ-ring and one
an in fat replae the polynomials f and g by those used in the theory of λ-rings (they are equal
modulo vi)). Indeed, in the presene of vi) the polynomials appearing in the theory of λ-rings
redue to linear resp. bilinear polynomials. As f and g are haraterised by iv) resp. v) being
true for r, s ∈ Z and Z is a speial λ-ring we see that they neessarily redue to f and g.
ii) In terms of the ring homomorphism φ:R→ 1 +R
[
[t]
]
from the theory of λ-rings the extra
axiom v) an be desribed as follows. The map φ an be thought of as giving an exponentiation
of 1+ t by elements of R through (1+ t)r := φ(r). For the exponentiation of an arbitrary element
1 + c(t) of 1 + R
[
[t]
]
there are two andidates. Either we an use the R-module struture on
1 + R
[
[t]
]
given by φ or we an substitute c(t) for t in (1 + t)r. In the presene of the λ-ring
axioms, v) is equivalent to these two onstrutions oiniding. The details are left to the reader.
As usual we an onstrut for any set S the free numerial ring Num(S) on S, i.e.,
HomSets(S,R) = HomNum −rings(Num(S), R) for any numerial ring R and also the free nu-
merial ring Numg(M) on an abelian group M . Then Num(S) = Numg(Z[S]).
Lemma 4.2 For any set S, ZS is a numerial ring with pointwise operations. Let xj ∈ Num i,
1 ≤ j ≤ i, be the projetion on the j'th fator. Then Numi = Num({xj : 1 ≤ j ≤ i}).
PROOF: It is lear that Z with the binomial funtions is a numerial ring, in fat the axioms were
set up preisely to ensure this. Hene ZS ertainly is a numerial ring with pointwise operations.
Furthermore, Numi ⊂ ZZ
i
is learly stable under all operations and is hene a sub-numerial
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ring. Therefore, if S := {xj} there is a map of numerial rings Num(S) → Numi taking xj to
xj . By (2.2) this map is surjetive and if we prove that
Num(S) =
∑
Z
(
x1
n1
)
. . .
(
xi
ni
)
=: A,
where the sum is not neessarily diret, then we are nished. As xj ∈ A it is suient to show
that A is a numerial subring of Num(S). That A is a subring follows from v) and stability
under
(
−
n
)
follows from the rest of the axioms.
For any omplex 0→ C0 → C1 → C2 → . . . of abelian groups we may onstrut a osimpliial
numerial ring as Num(C·) := Numg(Γ(C·)), where Num(−) is extended pointwise to simpliial
objets. In ase Ci is f.g. free for all i, then Num(C·) = HomNum (Γ(HomZ(C·)),Z) giving the
relation with the preeding results.
Lemma 4.3 Let R→ S and R→ T be morphisms of numerial rings. Then there is a struture
of numerial ring on S
⊗
R T making it the pushout, in the ategory of numerial rings, of R→ S
and R→ T .
PROOF: If S → S
⊗
R T and T → S
⊗
R T are to be morphisms of numerial rings then the
denition of
(
−
n
)
are fored by the axioms so we begin by showing that they are well-dened.
As was remarked above any numerial ring is also a speial λ-ring. This means that if U is a
numerial ring and if we put
φ:U → 1 + tU
[
[t]
]
r 7→
∑∞
i=0
(
r
i
)
ti
,
then φ is a ring homomorphism where 1+tU
[
[t]
]
is given the ring struture of [SGA6, Exp. V,2.3℄
with multipliation denoted by *. This gives us ring homomorphisms S → 1+ tS
⊗
R T
[
[t]
]
and
T → 1 + tS
⊗
R T
[
[t]
]
oiniding on R and hene we get a ring homomorphism S
⊗
R T →
1 + tS
⊗
RT
[
[t]
]
showing that the operations
(
−
n
)
are well-dened on S
⊗
R T . To show that
we get a numerial ring we redue to R = Z and S and T free numerial rings on nite sets
and onlude by (2.2) and (4.2) as these show that S
⊗
T then is again a (free) numerial ring.
Clearly S
⊗
R T has the required universal property.
We an now dene twisted artesian oproduts (TCP's) of osimpliial numerial rings
(CNR's) et by dualising setion 1 using the oprodut of lemma 4.3.
Denition 4.4 A bred CNR is a osimpliial numerial ring Y s. t. Y = lim
−→
(. . . → Yn →
Yn+1 → . . .) and
i) ∀i∃N : Y in → Y
i
n+1 is an isomorphism for n ≥ N ,
ii) Yn → Yn+1 is a PTCP with obre of the form Num(Γ(C·n)), where C
·
n is a bounded
omplex of free (not neessarily f. g.) abelian groups.
We will say that a osimpliial numerial ring R is onneted if H0(R) = Z and H1(R) is
torsion free and 1-onneted if H0(R) = Z, H1(R) = 0 and H2(R) is torsion free, where H∗(R)
denotes the ohomology of the orresponding omplex.
Remark: i) In ondition ii) we do not need the ondition on the ohomology of C·n; by rening
and modifying the sequene . . .→ Yn → Yn+1 → . . . this ondition an always be fullled.
ii) The onditions dening onnetivity and 1-onnetivity should be onsidered in the light of
the universal oeient sequene; onnetivity and 1-onnetivity refers to vanishing of homology.
Theorem 4.5 i) Let X be a bred CNR and Y1 → Y2 a CNR-morphism whih is a ohomology
equivalene. Then every morphism X → Y2 an be lifted to Y1.
ii) Any ohomology equivalene between bred CNR's is a homotopy equivalene.
iii) Let Y be a 1-onneted CNR. Then there is a unique (up to homotopy) bred CNR X
and a numerial ring homomorphism X → Y whih is a ohomology equivalene.
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iv) Let Y be a onneted CNR. Then there is a unique (up to homotopy) CNR X fullling the
liftability with respet to ohomology equivalenes as in i) and a numerial ring homomorphism
X → Y whih is a ohomology equivalene.
PROOF: i) is proved by suessive liftings (and is essentially a numerial osimpliial version
of the proof of the similar property for dga's). The lifting at one stage is aomplished as
follows. By the denition of 4.4 C·n will onsist of normalised ohains in X
n
and the subom-
plex K of N(Xn) generated by N(Xn−1) and C·n is the mapping one of a map of omplexes
N(Xn−1)[1]→ C·n. We then extend the lifting of N(X
n−1)→ Y2 to K. This in turn gives a lift
of Γ(C·n) → Y2 whih then gives a lift of Num(Γ(C
·
n)) → Y2. Then ii) follows similarly. Let us
turn to iii). We will build a Postnikov tower. Note to begin with that when building this tower
we must kill homology and not ohomology. Hene we assume that we have f :Xn−1 → Y s.t. if
we onsider Xn−1 and Y as omplexes then Hi(C(f)) = 0 if i < n and Hn(C(f)) torsion free.
Let C0 → C1 be a free omplex s.t. H0(C·) = Hn(C(f)) and H1(C·) = torHn+1(C(f)). Then
there is a morphism of omplexes C·[−n] → C(f) induing the identity on Hn and the natural
inlusion on Hn−1. Hene there is a morphism of osimpliial groups Γ(C·[−n]) → Γ(C(f))
and by omposition a morphism Γ(C·[−n − 1]) → Xn. (Note that C(f) ts in to a distin-
guished triangle N(Xn) → N(Y ) → C(f).) The omposite Γ(C·[−n − 1]) → Y is, by on-
strution, nullhomotopi. By adjuntion we get Num(C·[−n− 1])→ Xn whose omposite with
Xn → Y is again nullhomotopi as adjuntions preserve homotopies. Therefore there is a PTCP
Xn → Xn+1 → Num(C · [−n]) and a lifting g:Xn+1 → Y . I laim that Hi(C(g)) = 0 for i ≤ n
and that Hn+1(C(g)) is torsion free. To do this one has to say something about the ohomology
of Num(C·[−n]). When C· is nitely generated this has already been done and the general ase is
done by approximating C· by nitely generated subomplexes. After that one has to look at the
Serre spetral sequene for the PTCP onstruted above. A small oneptual problem arises as
we want to kill homology but are working with ohomology. This an ertainly be overome by
brute fore, but we will instead hoose a hopefully more oneptual approah. This entails, how-
ever, the introdution of pro-(nitely generated abelian groups) and the reader who is unfamiliar
with the onept of pro-objets will have no problem in translating the proof to follow into one us-
ing only ohomology. If D· is a omplex of torsion free abelian groups then we dene its homology
by Hi(D·) := ” lim
←−
”{Hi(Hom(D·α,Z))} (f. [SGA4:1, Exp. I,8℄), where D
·
α runs over all nitely
generated subomplexes of D·. We have the usual universal oeient sequenes expressing o-
homology and homology in terms of eah other if we put, for an abelian group M , Hom(M,Z)
resp. Ext1(M,Z) equal to ” lim
←−
”{Hom(Mα,Z)} resp. ” lim←−
”{Ext1(Mα,Z)}, whereMα runs over
all f.g. subgroups of M and, for a pro-objet {Mα}, Hom({Mα},Z) resp. Ext1({Mα},Z) equal
to lim
−→
{Hom(Mα,Z)} resp. lim−→
{Ext1(Mα,Z)}. Hene our assumptions imply that Hi(C(f)) = 0
if i < n and we want to prove that Hi(C(g)) = 0 if i ≤ n. Furthermore, we may present C· as
a diret limit of omplexes C·α whih are nitely generated free, onentrated in degrees 0 and 1
with H0 free and H1 torsion. Then
H∗(Num(C
·[−n])) = ” lim
←−
”{H∗(Num(C
·
α[−n]))}
and by (2.7 ii)
H∗(Num(C
·
α[−n])) = H∗(K(H0(C
·
α), n)).
By the well-known omputation of the ohomology of Eilenberg-MaLane spaes we get that
H˜i(Num(C·[−n])) = 0 if i < n or = n + 1 (as n ≥ 2) and Hn(Num(C·[−n])) = H0(C·) =
Hn(C(f)). Finally, as above we get a Serre s.s.
Hi(X
n, Hj(Num(C
·[−n])))⇒ Hi+j(X
n+1).
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This and the information we have on Hj(Num(C·[−n])) gives an exat sequene
0 → Hn+1(Xn+1) → Hn+1(Xn) → Hn(C(f)) →
տ ր
Hn+1(Y )
→ Hn(Xn+1) → Hn(Xn) → 0
տ ր
Hn(Y )
and isomorphisms Hi(X
n+1)→ Hi(Xn) for i < n. By onstrution we have an exat sequene
Hn+1(Y )→ Hn+1(X
n)→ Hn(C(f))→ Hn(Y )→ Hn(X
n)→ 0.
Combining these two sequenes we get that Hn+1(Y ) → Hn+1(Xn+1) is an epimorphism and
that Hi(Y ) → Hi(Xn+1) is an isomorphism for i ≤ n i.e. that Hi(C(g)) = 0 for i ≤ n. In ase
Y is only onneted we only get that
coker(Hn+1(Y )→ Hn+1(X
n+1))→ coker(Hn+1(Y )→ Hn+1(X
n))
is zero so we may have to ontinue an innite number of times just to kill homology in one degree
and the end result will not neessarily be a speial CNR. It will still have the lifting property of
i) though.
As should be no surprise there is a very tight relation between CNR's and simpliial numerial
objets.
Proposition 4.6 i) The funtor that takes eah CNRX and assoiates to it the simpliial sheme
SpecX obtained by taking the spetrum in eah degree is an equivalene of ategories between
CNR's that are free nitely generated numerial ring in eah degree and a full subategory N of
the ategory of simpliial shemes. The inverse funtor is taking global setions Γ(X,O) of the
struture sheaf.
ii) The funtor that to a simpliial sheme Y assoiates its simpliial set of Z-points is an
equivalene of ategories from N to the ategory of simpliial numerial objets.
iii) The funtor that to a simpliial numerial sheme X assoiates the CNR HomRings(X,Z)
indues an equivalene between the ategory of simpliial numerial rings and the full subategory
of CNR's that are nitely generated free in eah degree.
PROOF: The results learly follow from (2.2).
We will use these equivalenes to think of a numerial spae as the Z-points X(Z) of a
simpliial sheme X . Loalisation and ompletion has a partiularly pleasant formulation in
these terms; we have that F (X(Z)
⊗
R) = X(R). In the ase of ompletion we have the following
rather striking fat whih in partiular shows that p-omplete homotopy types an be desribed
in terms of osimpliial Z/p-algebras whose ohomology is the ohomology of the type. We also
add a rather urious fat saying that in the p-omplete ase we may use ontinuous hains to
ompute ohomology.
Proposition 4.7 i) LetX ∈ N . Then the redution mod pmap X(Zp)→ X(Z/p) is a bijetion.
ii) Assume X is a Zp-numerial spae and give the omponents of X(Zp) its p-adi topology.
Then the ohomology of the omplex of Zp-ontinuous Zp-valued ohains is isomorphi with
ordinary ohomology of X with Zp-oeients.
PROOF: The rst part learly amounts to showing that the redution mod p map
HomRings(Numi,Zp) → HomRings(Numi,Z/p) is a bijetion. This an no doubt be done di-
retly but the real" reason why it is true is the following. As we have seen, Zi = SpecNumi
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is the Cartier dual of Gˆim, the produt of i opies of the formal multipliative group, and so
[Dem72, II,4℄ for any ring R, Zi(R) = Hom
R-formal groups
(Gˆim, Gˆm) and it is well known
[lo. it.℄ that Hom
R-formal grps
(Gˆim, Gˆm) = Z
i
p for R = Zp as well as Z/p.
As for the seond part we note that the ring of ontinuous funtions from Znp → Zp equals the
p-adi ompletion of Numn, this is Mahler's theorem ([Ma58℄). Hene the omplex of ontinuous
ohains is the ompletion of the omplex of numerial ohains. This gives rise to short exat
sequenes
0→ lim
←−
1Hi−1Num(X,Z/p
n) −→ Hicont(X(Zp),Zp) −→ lim←−
HiNum(X,Z/p
n)→ 0
but as the HiNum (X,Zp) are nitely generated Zp the left hand side is zero and the right hand
side is HiNum(X,Zp).
Remark: i) The rst part of the proposition shows that the ategory of simpliial Zp-numerial
objets is equivalent to a ategory osimpliial Z/p-algebras whih in the ase of Zp-numerial
spaes omputes the Z/p-ohomology of the spae. This aords more with the usual view of
p-omplete spaes where Z/p-ohomology reets isomorphisms. I do not however know of an
intrinsi haraterisation of the algebras of the form Numi /p in the style of haraterising Num i
as free numerial algebras. It should be noted that there is a Stone type duality between Z/p-
algebras R fullling rp = r for eah r ∈ R and totally disonneted ompat spaes; the spae
is the set of ring homomorphisms into Z/p and the ring is the set of ontinuous maps into Z/p.
For p = 2 this is the usual Stone duality.
ii) By [La65, V,Thm 2.3.10℄ we get that the ohomology of a p-omplete nitely generated
torsion free nilpotent group an also be omputed using analytial ohains.
Let us end this setion with an observation that shows that disregarding the rest of the
setion osimpliial numerial rings are related to homotopy theory. Thus let R be a osimpliial
numerial ring and α ∈ Hi(R). If z is a representing oyle in N(R) for α it is represented by a
map Z[−i]→ N(R) and hene a map Γ(Z[−i])→ R and again by a map Num(Γ(Z[−1]))→ R.
This indues a map on ohomology H∗(Num(Γ(Z[−1])))→ H∗(R). By (2.7) this means that all
ohomology operations will operate on the ohomology of osimpliial numerial rings with all
relations being preserved.
5 Nilpotent groups
We will spend some time onsidering the ase ofK(G, 1)'s or equivalently nilpotent groups. More
preisely we will only onsider those that are torsion free. It an be onluded from the results of
the previous setion that eah suh group G may be identied as a set with Zn for some n in suh
a way that the multipliation and inverse are given by numerial maps and that the ohomology
may be omputed using numerial ohains. We will now see that there is a anonial way to
dene the struture of objet in Num on the set underlying a nilpotent group suh that the
group struture is given by a group objet in Num. Indeed, let G be a nilpotent f. g. torsion
free group and let Z[G] be its group algebra. Any funtion φ:G → Z gives rise to an additive
funtion, also denoted φ φ:Z[G] → Z using the fat that Z[G] is free on G. We say that φ is
·-numerial, where · is the produt on G, if φ vanishes on some power of the augmentation ideal
of Z[G]. We denote by Num ·(−,Z) the set of ·-numerial funtions.
Remark: These funtions were rst introdued by Passi ([Pa68℄) and are also known as Passi
polynomial maps. We have hosen a dierent terminology beause +-numerial funtions on
Zn are exatly numerial funtions and beause of subsequent results.
We need a preliminary result giving a haraterisation of ·-numerial funtions that may be
of independent interest. For that reall that a module for a group G is said to be unipotent if it
is a suessive extension of modules with trivial ation.
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Lemma 5.1 Let (G, ·) be a torsion-free f. g. nilpotent group. Then a map G→ Z is ·-numerial
if and only if it generates a Z-nitely generated unipotent submodule of ZG.
PROOF: It is lear that a G-moduleM is unipotent if and only if it is annihilated by some power
of the augmentation ideal of the group ring Z[G]. By denition a map G → Z is ·-numerial if
and only if it is annihilated by a power of the augmentation ideal and as the augmentation ideal
is two-sided this is true if and only if it generates a submodule that is. Finally, as Z[G] modulo
any power of the augmentation ideal is a nitely generated Z-module, any unipotent submodule
of ZG generated by one element is nitely generated.
We will need the following result seemingly unrelated result. Reall that a (smooth) on-
neted algebrai group is unipotent if it is an algebrai subgroup of the group of unipotent upper
triangular n × n-matries for some n and that in that ase every linear representation of it is
unipotent (f. [Ra63, Cor. 3.4℄). In partiular the points of the group over a base eld is a nilpo-
tent group. Furthermore, if that base eld is the rational numbers, if g is a point dened over
the it and f is a polynomial vanishing on the group then we may introdue the polynomial in
x gx := exp(x log(g)), where the logarithm is a nite series mapping unipotent upper triangular
matries to nilpotent ones and the exponential is a nite series mapping nilpotent upper triangu-
lar matries to unipotent ones. This polynomial vanishes on all integers and hene is identially
zero. In partiular it vanishes on gr for r ∈ Q. As the group is losed in the Zariski topology it is
equal to the ommon zero set of all suh f and gr is in the group. This means that the group of
rational points is a uniquely divisible nilpotent group. One of the most natural questions on the
relation between nilpotent torsion-free groups and numerial groups is answered by the following
result.
Lemma 5.2 Let G be a group objet in Num . Then the underlying group is a nitely generated
torsion-free nilpotent.
PROOF: If we extend the salars of HomNum(G,Z) to Q we get a polynomial ring overQ whih
is the ane algebra of an algebrai group G over Q. Hene [La55℄ applies and we onlude
that G is unipotent and hene that G(Q) is a uniquely divisible nilpotent group. Clearly, G is
a subgroup of G(Q) and hene is nilpotent and torsion-free. To prove nite generation we note
that there as a nite dimensional faithful subrepresentation V of the representation of G on its
ane algebra. We now want show that there is nitely generated subgroup M of V stable under
the ation of G. As V is nite dimensional it ontains a nite number of vetors spanning it as
Q-vetor spae. After possibly multiplying them by a non-zero integer we may assume that they
are ontained in HomNum(G,Z). It is therefore suient to show that eah f ∈ HomNum(G,Z)
lies in a nitely generated subgroup of HomNum(G,Z) invariant under G. For this we onsider
the produt map ϕ:G×G→ G and write the pullbak ϕ∗f ∈ HomNum(G,Z)
⊗
HomNum(G,Z)
as
∑
i fi ⊗ gi. This means that for g, h ∈ G f(g · h) =
∑
i fi(g)gi(h) and by denition h ∈ G
ats on f by (hf)(g) = f(gh). Hene we get that hf =
∑
i gi(h)fi so that the translates of f
by the elements of G lies in the nitely generated group spanned by the fi and hene is nitely
generated.
Thus, G is a subgroup of the subgroup GM of elements of G(Q) stabilisingM . As a subgroup
of a nitely generated nilpotent group is nitely generated it is enough to show that GM is nitely
generated. This will be done by indution over the dimension of V (with G hanging during the
indution). As G is unipotent V ontains a 1-dimensional subspae U on whih G ats trivially.
We may use the indution hypothesis on the image of G in Aut(V/U) and the image M ′ of M
in V/U to onlude that the image of GM in Aut(V/U) and it is then enough to show that the
kernel of this map is nitely generated. However, that kernel is a subgroup of the abelian group
of additive maps Hom(M ′, U ∩M) whih is nitely generated.
Proposition 5.3 Let (G, ·) be a nitely generated torsion-free nilpotent group.
i) G may be identied with Zn in suh a way that multipliation and inverse on G are
numerial funtions and K(G, 1) is a numerial spae.
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ii) Num ·(G,Z) is a numerial subring of the numerial ring of all funtions G→ Z.
iii) If G has been given the struture of group objet in Num for whih K(G, 1) is a numerial
spae then a funtion G → Z is ·-numerial preisely when it is numerial with respet to the
given numerial struture.
iv) The numerial ringNum ·(G,Z) is isomorphi to the free numerial ring on a nite number
of generators and the natural map G→ Hom(Num ·(G,Z),Z) is a bijetion.
v) The produt map G×G→ G indues a map Num ·(G,Z)→ Num ·(G,Z)
⊗
Num ·(G,Z),
where Num ·(G,Z)
⊗
Num ·(G,Z) is thought of as a subring of the set of funtions G×G→ Z.
The inverse G→ G indues a map Num ·(G,Z)→ Num ·(G,Z).
PROOF: i) follows from lemma 2.7 and indution over the length of the asending entral series,.
ii) is obvious. As for iii) onsider rst a funtion f :G → Z that is numerial with respet to
the given numerial struture. Let G be the algebrai group over Q whose ring of regular
funtion is HomNum(G,Z)
⊗
Q. Then f generates a nite dimensional subrepresentation of
HomNum(G,Z)
⊗
Q whih is unipotent as G is by [La55℄. Hene f ·-numerial by (5.1). Assume
onversely that f :G→ Z is ·-numerial. Again by lemma 5.1 it generates a unipotent moduleM .
We may hoose a G-invariant ltration of M whose suessive quotients are free of rank 1 with
trivial G-ation. Having done this, the G-ation on M orresponds to a group homomorphism
from G to U , the group of unipotent upper triangular integer n×n-matries, where n is the rank
of M . Furthermore, U is a numerial group (in fat an algebrai one) and f is the omposite
of a numerial map U → Z and the group homomorphism G → U . It will therefore sue
to show that the group homomorphism G → U is numerial. The asending entral series
of U is given by {Um}, where Um is dened by {(aij) | aij = 0 if j < i <= j + m} and
U/Um is learly also a numerial group. We now prove by desending indution on m that the
omposite G → U → U/Um is numerial. The homomorphism U/Um → U/Um−1 is a entral
extension. The obstrution for lifting the homomorphism G→ U/Um−1 to U/Um is an element
of H2(G,Um−1/Um) that is zero as the morphism is known to lift and the obstrution for lifting
it to a numeri homomorphism is an element of H2Num(G,Um−1/Um). The latter group maps
bijetively to the former by (2.7) and hene the numerial homomorphism G→ U/Um−1 lifts to
a numerial homomorphism G→ U/Um. The set of group homomorphism liftings are lassied
by H1(G,Um−1/Um) and the set of numerial group homomorphism liftings are lassied by
H1Num(G,Um−1/Um). Again by (2.7) the map between these groups is a bijetion and hene
every lifting is numerial. In partiular the given one is whih nishes the indution step.
Finally, iv) and v) follow from i) and iii).
We gather together the main results of this setion in the following theorem.
Theorem 5.4 i) The abstrat group underlying a group objet in Num is a nitely generated
torsion free nilpotent group.
ii) The forgetful funtor from the ategory of group objets of Num to the ategory of nitely
generated torsion free nilpotent groups is an equivalene of ategories.
iii) Let G be a nitely generated torsion-free nilpotent group and let S be the ring of ·-
numerial funtions on G. Then S is a free numerial ring on the rank of G generators. The
produt, inverse and unit element of G indues a Hopf algebra struture on S, the evaluation
map G → HomRings(S,Z) is a bijetion and through this bijetion, the Hopf algebra struture
on S indues the given group struture on G.
iv) With notations as in the previous part, the group ohomology H∗(G,Z) of G may be
omputed using ·-numerial ohains.
v) With notations as in iii) let R be a oeient ring. Then the group struture indued on
GR := HomRings(S,R) by the Hopf algebra struture of S together with the group homomor-
phism G → GR given by the omposite of the isomorphism G → HomRings(S,Z) given by iii)
and the map indued by the inlusion Z→ R is an R-loalisation.
PROOF: This follows from the previous results of this setion together with (3.2).
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Apart from possible group theoreti appliations we an apply our results to more general
homotopy types.
Proposition 5.5 Let G· be a simpliial group all of whose omponents Gn are f.g. torsion free
nilpotent groups. Then G· has a natural struture of simpliial group in Num and using this
strutureK(G·), the simpliial lassifying spae of G·, has a natural struture of simpliial objet
in Num. As suh it is a numerial spae.
PROOF: This follows diretly from the spetral sequene
En1 = H
∗
Z
(K(Gn, 1))⇒ H
∗
Z
(K(G·, 1))
and the orollary.
This result gives a relation between the present approah and one given by Quillen to rational
homotopy theory (f. [Qu69℄). Indeed, there Quillen represents any nitely generated omplex
up to homotopy by exatly a K(G·) as in the proposition. What the proposition shows is that
it also gives a representation of the omplex as a numerial spae. The next step in Quillen's
onstrution is to pass to the Malev ompletion of the omponents of G· whih ts very well in
our ontext as taking the Q-points of the Gn's onsidered as group shemes.
6 Sullivan models
We now want to see how Sullivan's theory (f., [Su77℄) of minimal models ts in with the present
theory. His theory is a rational so throughout this setion the oeient ring will be the ring
of rational numbers. As numerial funtions then are the same as polynomial ones we will all
them just that. A numerial spae then an be seen as a simpliial sheme whih in eah degree
is an ane spae. Let us introdue some notation appropriate to the situation. We let ∆a be the
osimpliial sheme that in eah degree n is the algebrai n-simplex SpecQ[x0, . . . , xn]/(x0 +
. . .+xn− 1) with the obvious fae and degeneray operators and let Ωa be the simpliial graded
ommutative dierential graded algebra (dga) of algebrai forms on ∆a. Let us reall that
Sullivan assoiates to eah simpliial set X the dierential graded algebra E(X) onsisting of a
hoie of forms on Xn ×∆na with appropriate ompatibility onditions with respet to fae and
degeneray operations, where Xn is thought of as a zero-dimensional sheme being the disjoint
union of opies of SpecQ, one for eah point of Xn. To generalise this to the ase of a numerial
spae X we onsider relative forms on Xn×∆na , relative to the projetion on the rst fator, thus
obtaining a dga Ea(X). Another way to think of this is to onsider the set of simpliial algebrai
maps from X to Ωa, where an algebrai map from an ane spae Y over Q to a Q-vetor spae
V is a map Y → V whose image lies in a nite dimensional subspae U of V and is algebrai as
a map Y → U . Now, one proves as in [Su77, Thm. 7.1℄ that the ohomology of Ea(X) omputes
the numerial ohomology of X . In partiular, if X is a numerial spae the inlusion map
Ea(X) → E(X) is a quasi-isomorphism. Note that even though Ea(X) is onsiderably smaller
than E(X) even when X is a minimal numerial spae Ea(X) is far from being a minimal model
(or even a model), in fat in general Ea(X) will not be onneted (i. e., Q in degree 0). It would
interesting to have a modiation of this onstrution that would give a minimal model from a
minimal numerial spae. . .
Remark: Instead of looking at relative forms on Xn×∆na one ould look at all forms. This would
give a omplex analogous to the de Rham omplex of a simpliial manifold and its ohomology
does in fat ompute the algebrai de Rham ohomology of the simpliial sheme X . However,
as eah omponent Xn is ontratible this de Rham omplex is ayli.
The relation with Sullivan's geometri realisation funtor (f., [Su77, 8℄) seems to be more
interesting. By investigating it a little bit more losely than is done ([Su77℄) we will nd a way
of giving a diret onstrution of a minimal numerial spae from a minimal dga. For that we
need some preliminary results. We begin by realling that the anonial trunation, τ≤n, of a
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omplex C· is the subquotient of C· obtained by rst taking the quotient by the subomplex C>n
and then the subomplex whih is unhanged in degrees < n and the kernel of the dierential
dn:Cn → Cn+1 in degree n. Normally τ≤nC
·
is seen as a subomplex of C· but done in this
fashion it is lear that if C· is a dga then we get an indued struture of dga on τ≤n. Note that
the ohomology groups of τ≤nC
·
are the same as those for C· in degrees ≤ n and 0 otherwise.
Denition-Lemma 6.1 i) For eah n ≥ 0 the simpliial group Ωn is ayli.
ii) Putting Zn := ker d : Ωn → Ωn+1, the simpliial abelian group Zn is 0 in degrees < n,
pin(Z
n) = Q and pii(Z
n) = 0 if i > n. As Zni = 0 for i > n there is a mapping
∫
:Zn → K(Q, n)
induing the identity on pin. We let T
n
be the simpliial dga that is the quotient of τ≤nΩ by
the kernel of
∫
.
PROOF: The rst part is impliit in [Su77℄ but an be found expliitly in [FHT01, Lemma 10.7
& 17, Ex. 3℄. The seond part is lear when n = 0 as Z0 is the onstant simpliial objet with
onstant value Q. For larger n it follows from the rst part, indution and the exat sequenes
0→ Zn −→ Ωn −→ Zn+1 → 0
oming from the ayliity of (Ω, d).
Remark: It is easily seen that the identiation pin(Z
n) with Q an also be given by the map
Znn → Q given by integration over the standard simplex hene justifying the terminology.
Reall now, ([Su77, 8℄), that the spatial realisation of a ommutative dierential graded
Q-algebra A, that we will assume is loally nite, i. e., nite-dimensional in eah degree, is the
simpliial set 〈A〉 that in degree n is the set of dga-maps from A to Ωn. The set of suh maps
is in a natural fashion the Q-points of a formal Q-sheme. More preisely, it is a losed subset
of the formal ane spae of graded linear maps from A≤n to Ωn (formal as the target spae is
innite dimensional when n > 0). Hene, the spatial realisation is a simpliial formal sheme.
As will be seen in a moment it is very big when A is a (minimal) model but we will want to ut
it down to reasonable size. For two m-simplies f, g:A → Ω we dene equivalene relations for
eah n > 0
f ∼n g ⇐⇒
The two indued maps f ′, g′: τ≤nγnA→ τ≤n+1Ω, where γ≤nA denotes
the sub-dga of A generated by the elements of degree ≤ n, oinide
when omposed by the surjetion τ≤n+1Ω→ T n+1.
We then dene a quotient 〈A〉t of 〈A〉 dened by the intersetion of all these equivalene
relations. Clearly 〈A〉t is ontravariantly funtorial in A and the quotient map 〈−〉 → 〈−〉t is a
natural transformation.
Proposition 6.2 Let A be a loally nite dga, V a graded nite dimensional vetor spae
onentrated in degree n > 0 and A
⊗
ΛV a dga whih as a graded algebra is the graded tensor
produt of A and the free graded ommutative algebra on V and suh that d maps V into A
⊗
Q.
By funtoriality the inlusion mapping A → A
⊗
ΛV then indues maps 〈A
⊗
ΛV 〉 → 〈A〉 and
〈A
⊗
ΛV 〉t → 〈A〉t.
i) 〈A
⊗
ΛV 〉 → 〈A〉 is a PTCP of simpliial formal shemes with struture group Hom(V, Zn).
ii) 〈A
⊗
ΛV 〉t → 〈A〉t is a PTCP of simpliial formal shemes with struture group
K(Hom(V,Q), n). The quotient mapping 〈A
⊗
ΛV 〉 → 〈A
⊗
ΛV 〉t is a mapping of PTCP's
over 〈A〉 → 〈A〉t with respet to the struture group map indued by the natural surjetion
Zn → K(Q, n).
PROOF: If we begin with the rst part and we onsider a bre of 〈A
⊗
ΛV 〉 → 〈A〉 over an
m-simplex φ:A → Ωn, an extension to A
⊗
ΛV is ompletely determined by the restrition of d
to V . Furthermore, d applied to any element v of V is determined as it has to be the already
presribed image of dv ∈ A. That means that if f and g are two extensions of φ then f − g maps
V into Znm. Conversely given an extension f and a linear map V → Z
n
m there is an extension g
of φ suh that the restrition of f − g to V is the given map. Hene, the map 〈A
⊗
ΛV 〉 → 〈A〉
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is a prinipal homogeneous spae over the simpliial group Zn. To show that it is a PTCP we
need to nd a setion the restrition 〈A
⊗
ΛV 〉 → 〈A〉 to the subategory ∆∗ of ∆ onsisting of
those inreasing maps {0, 1, . . . ,m} → {0, 1, . . . , n} that take 0 to 0 (f., [May92, 18.7℄). This is
obtained by the following observations
• Given a map φ:A→ Ωm to extend it to A
⊗
ΛV one needs to nd a map f :V → Ωm suh
that df(v) = φ(dv) for all v ∈ V . This is possible as dφ(dv) = 0 and Ωm is ayli. It an
be done expliitly given a ontration of Ω.
• Given a Q-point b ∈ ∆ma we may use it as origin and use the algebrai ontration x →
t(x − b) + b and the usual integration formulas to onstrut a ontration of Ωm. This
ontration is natural for ane maps preserving the hosen basepoints.
• The restrition of the osimplial sheme∆a to∆∗ has a base point and hene the restrition
of Ω to ∆∗ has a ontration.
To turn to the seond part it is lear that the only of the equivalene relations∼m on 〈A
⊗
ΛV 〉
that does not fator through 〈A
⊗
ΛV 〉 → 〈A〉 is ∼n. As for ∼n it is lear that two m-simplies
f and g are equivalent if their restritions to A are and if the restritions to V of
∫
◦d ◦ f and∫
◦d ◦ g are equal. This ombined with the rst part now gives the seond.
From the proposition the main result of this setion immediately follows.
Theorem 6.3 Let A be a nilpotent dga model. Then the natural map 〈A〉 → 〈A〉t is a homotopy
equivalene and 〈A〉t has a natural struture of speial Q-numerial spae. It is minimal if A is.
PROOF: We leave to the reader to prove, in a fashion analogous to [Su77℄, that if A′ → A
is a minimal model then 〈A〉t → 〈A
′〉t is a homotopy equivalene and that the formal sheme
struture on 〈A〉 indues a speial numerial spae struture on 〈A〉t and will assume that A is
minimal. That means that there is a ltration An of A by sub-dga's suh that An = An−1
⊗
ΛVn,
where Vn is onentrated in a single degree and d maps Vn into A
n−1
. Furthermore, the degree
of Vn tends monotonially to innity with n. One now proves by indution that 〈An〉 → 〈An〉t
is a homotopy equivalene and that 〈An〉t is a minimal Q-numerial spae using proposition 6.2.
One then onludes by noting that 〈A〉t is the inverse limit of . . .→ 〈A
n〉t → 〈A
n−1〉t → . . . and
that this system is eventually onstant in eah degree.
7 Fibrations
As a simple, and not very original, appliation of the ideas of this paper we will study brations.
We now note that we an relativise our onstrutions; a morphism R→ S of osimpliial numer-
ial rings may be fatored R → S′ → S where R → S′ is a diret limit of a suession TCP's
with bers as before and S′ → S is a ohomology equivalene. We all suh a fatorisation a
speial resolution of the map. We get as before that any two speial resolutions are homotopi
and for any map R→ T of osimpliial numerial rings we will all T → T
⊗
R S
′
the homotopy
pushout of R→ S.
Denition 7.1 Let φ:R→ S be a morphism of osimpliial numerial rings. We say that φ is a
obration if for one (and hene any) speial resolution R→ S′
ρ
−→ S of φ and every morphism
R→ T of osimpliial numerial rings, ρ⊗R T is a ohomology equivalene.
We then have the following result.
Proposition 7.2 i) Any morphism R → S of osimpliial numerial rings whih is at in eah
degree (i.e. Rn → Sn is a at ring homomorphism for eah n) is a obration.
ii) Let f :X → Y be a morphism of numerial spaes. The homotopy pullbak of the map
of simpliial sets underlying f by any map of numerial spaes has ohomology equal to the
homotopy pushout of the orresponding osimpliial numerial rings of numerial funtions.
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iii) If R→ S is a bration and R→ T a morphism, then there is a spetral sequene
Tor
H∗(R)
∗ (H
∗(S), H∗(T ))⇒ H∗(S
⊗
R
T ).
PROOF: i) is lear as a speial morphism is at so S
⊗
R(−) and S
′
⊗
R(−) are both exat. As
for ii) one veries it by indution over a Postnikov tower of X → Y . Finally, iii) follows as in
the simpliial ase [Qu67, II, Thm 5℄.
Remark: In the ase of a diagram of spaes this gives the Eilenberg-Moore spetral sequene.
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